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1COKERNELS OF THE CARTAN MATRIX AND
STRATIFYING SYSTEMS
E.N.MARCOS, O. MENDOZA, C. SA´ENZ.
Abstract. We study the cokernel of the application given by the Car-
tan Matrix CΛ of a finite dimensional k-algebra Λ. This produces a
finitely generated abelian group, the Cartan group GΛ, which is invari-
ant under derived equivalences. We are interested in the case when
GΛ is finite. For a standardly stratified algebra, it is shown that this
group is always finite and some interesting connections with the stan-
dard modules are found. As a consequence, it is got that GΛ can be seen
as a measure of how far is a standardly stratified algebra Λ to be quasi-
hereditary. Finally, it is also shown that any finite abelian group can be
realized as the Cartan group of some standardly stratified algebra.
1. Introduction.
The Cartan matrix CΛ of a finite dimensional k-algebra Λ has been an
important tool to be used in different contexts appearing in representation
theory of algebras, homological algebra and graphs. For example, it is well
known that if Λ is a finite dimensional k-algebra of finite global dimension,
then detCΛ = ±1. There is a conjecture, which states that detCΛ = 1 for any
finite dimensional k-algebra Λ of finite global dimension. This homological
conjecture, for the Cartan matrix, is still open and only partial results have
been obtained so far, see for example in [28,31]. There are other notions that
are constructed by using the Cartan matrix CΛ, namely, the Euler character-
istic and the Coxeter transformation of Λ, which play an important role in
the Auslander-Reiten theory [3,4]. Thus, the idea of obtaining new concepts,
by using the Cartan matrix, seems to be very fruitful in the search of useful
tools.
In this paper, the term algebra means finite dimensional k-algebra and
all the modules to be considered are finite dimensional left modules. Given
an algebra Λ, the aim of this paper is to assign, in a useful way, a finitely
generated abelian group GΛ (the Cartan group) and to study the properties
that this group has by considering some classes of algebras. The class we are
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interested in is the one given by the standardly stratified algebras, which were
introduced by V. Dlab [7]. We point out, that this class of algebras has been
extensively studied [1, 2, 9–12, 14–20, 29, 30] and contains the very important
subclass of quasi-hereditary algebras introduced by L. Scott in [26].
Let Λ be a k-algebra. We denote by mod (Λ) the category of finitely gen-
erated Λ-modules and proj (Λ) the class of finitely generated projective Λ-
modules. For any class C in mod (Λ), which is closed under extensions and
direct summands, the Grothendieck group of C is denoted by K0(C). The
Cartan map is the Z-linear transformation
C = CΛ : K0(proj (Λ))→ K0(Λ), [Pi] 7→ dim(Pi),
where {Pi}ni=1 is a complete set of pairwise non isomorphic indecomposable
objects in proj (Λ) and K0(Λ) := K0(mod (Λ)). We define the Cartan group
GΛ of Λ as the cokernel of the Cartan map CΛ. Note that GΛ is a finitely
generated abelian group, since the abelian groups K0(proj (Λ)) and K0(Λ)
are both isomorphic to Zn. We identify any matrix C ∈ Matn×n(Z), with
the Z-linear transformation Zn → Zn, X 7→ CX. In section 2, for the sake
of completeness, we review some facts and notions related to Grothendieck
groups, standardly stratified systems and related facts.
In section 3, we recall some well known results and notations concerning
with the theory of finitely generated abelian groups, which are fundamental
for the development of the paper. For D ∈ Matn×n(Z), it is shown that the
abelian group GD := CoKer (D) is finite if and only if det (D) 6= 0. Moreover,
if GD is finite, then |GD| = |det (D)|.
Let (Θ, Q,≤) be an Ext-projective stratifying system of size t in mod (Λ).
and letB = EndΛ(Q)
op. By [21, Lemma 2.1], it is known that the Grothendieck
group K0(F(Θ)) is free of rank t, with a basis formed by each image [Θ(i)]
of Θ(i) under the canonical map F (F(Θ)) → K0(F(Θ)), where F (F(Θ)) is
the free abelian group on the Θ-filtered Λ-modules, we give more details in
sections 2 and 4. Consider the Θ-Cartan matrix CΘ ∈ Matt×t(Z), where
[CΘ]ij := dimk HomΛ(Q(i),Θ(j)). One of the main result, in section 4, can be
summarized as follows (see Theorem 4.2).
Theorem A Let (Θ, Q,≤) be an Ext-projective stratifying system of size
t in mod (Λ), and let B := EndΛ(Q)
op. Then, the following statements hold
true.
(a) GB ' CoKer (CΘ) and |GB | =
∏t
i=1 dimk EndΛ(Θ(i)).
(b) The exponent ofGB is a multiple of dimk EndΛ(Θ(i)), for any i ∈ [1, t].
There are several consequences that can be obtained from the result above.
We enumerate and summarize them in the following way. For a complete de-
scription and proof, the reader can see in Corollary 4.5, Corollary 4.4, Remark
4.5 and Corollary 4.11.
Corollary B Let (Λ,≤) be a standardly stratified k-algebra. Then, the
following statements hold true.
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(a) GΛ ' CoKer (C∆) and |GΛ| =
∏n
i=1 dimk EndΛ(∆(i)).
(b) If (Λ,≤) is weakly triangular, then C∆ = diag(d1, · · · , dn) and GΛ =⊕n
i=1
Z
diZ , where di := dimk (∆(i)).
(c) (Λ,≤) is quasi-hereditary if and only if GΛ = 0.
It is quite important the case, see in section 4, when the ∆-Cartan matrix
CΛ∆ of a k-algebra Λ is a diagonal matrix. In this situation, we obtain an
explicit description of the Cartan group GΛ. The following result gives nec-
essary and sufficient conditions, for a standardly stratified algebra Λ, to have
that the ∆-Cartan matrix be a diagonal one. A full statement and its proof
is the Theorem 4.12.
Theorem C For a quotient path k-algebra Λ = kQ/I, where I is an
admissible ideal, the following statements are equivalent.
(a) C
Λ∆ is a diagonal matrix and Λ is a standardly stratified algebra.
(b) Λ is isomorphic to a triangular matrix k-algebra
(
R 0
M T
)
, where M
is a T − R-bimodule. Moreover R and T are standardly stratified k-
algebras satisfying that their corresponding ∆-Cartan matrices C
R∆
and C
T∆ are diagonal and M ∈ F(T∆).
Section 5 is devoted to the study of the Cartan group GΛ and the ∆-Cartan
matrix C∆ for radical square zero path k-algebras Λ. Such an algebra Λ is of
the form Λ = kQ/J2, where J is the ideal of kQ which is generated by the set
of arrows Q1 of the quiver Q. Let v ∈ Q0 be a vertex of Q. The idempotent in
Λ, attached to the vertex v, is denoted by ev. Then, associated with the vertex
v, we have: the projective Λ-module P (v) := Λev and the simple Λ-module
S(v) := P (v)/radP (v). The following result gives us the order of the group
GΛ, see Theorem 5.4 for a complete version.
Theorem D Let Λ = kQ/J2 and ≤ be a linear order on Q0 such that
(Λ,≤) is a standardly stratified k-algebra. If Q does not have sinks then
|GΛ| =
∏
v∈Q0 [P (v) : S(v)].
In order to state the last main result of this section, we need to recall the
following notions. Let Λ = kQ/I, where I is an admissible ideal of kQ. It can
be defined a pre-order relation ≤Q, on the set of vertices Q0, as follows. For
v, w in Q0, we set v ≤Q w if there is an oriented path γ in Q starting at v
and ending at w. Let ≤ be a pre-order relation on Q0. We say that ≤ is a
refinement of ≤Q if the relation x ≤Q y implies that x ≤ y. For each vertex
v ∈ Q0, we denote by loop(v) the number of loops in Q starting at the vertex
v. It is said that v ∈ Q0 is a quasi-source if there is not an arrow w → v in
Q1, with w 6= v.
The last result in section 5 is the Theorem 5.9 and can be written as
follows.
Theorem E For Λ = kQ/J2, the following statements are equivalent.
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(a) (Λ,≤) is a standardly stratified k-algebra for some linear refinement
≤ of ≤Q .
(b) Q does not have proper oriented cycles and the possible loops in Q
appear only in quasi-sources.
(c) (Λ,≤) is a standardly stratified k-algebra for any linear refinement ≤
of ≤Q .
Moreover, if one of the above equivalent conditions holds true, then the ∆-
Cartan matrix C∆ is diagonal. Moreover, for any i ∈ Q0
di := [C∆]ii = 1 + loop(i) = dimk EndΛ(P (i)) = dimk EndΛ(∆(i)),
and thus GΛ '
⊕n
i=1 Z/diZ.
Finally, throughout the paper there are several examples illustrating the
results we have obtained so far.
2. Preliminaries.
Throughout this paper, the term k-algebra means finite dimensional k-
algebra, for a fixed field k. We recall that a k-algebra Λ is elementary if
Λ/rad (Λ) ' kn as k-algebras, for some natural number n. In the case that
the k-algebra Λ be elementary, we have that Λ is isomorphic to the a quotient
path k-algebra kQ/I, for some admissible ideal I [3, III.1 Theorem 1.9]. The
category of finitely generated left Λ-modules is denoted by mod (Λ). Unless
otherwise specified, we will work with finitely generated Λ-modules, full sub-
categories and non-empty classes. We denote by proj (Λ) the full subcategory
of mod (Λ), whose objects are the projective Λ-modules.
Standardly stratified k-algebras. Let Λ be a k-algebra. We fix a
complete list S1, S2, · · · , Sn, of pairwise non-isomorphic simple Λ-modules,
and a linear order ≤ on the set [1, n] := {1, 2, · · · , n}. For each i ∈ [1, n], Pi
is the projective cover of Si, and the i-th standard module is the quotient Λ-
module ∆(i) := Pi/Tr⊕j>iPj (Pi), where Tr⊕j>iPj (Pi) is the trace of ⊕j>iPj in
Pi. It is well known that ∆(i) is the maximal quotient of Pi with composition
factors among the simple Λ-modules Sj with j ≤ i. The set of the standard
Λ-modules is ∆ = {∆(1),∆(2), · · · ,∆(n)} and depends on the given order ≤
on the set [1, n].
For a given class Θ of Λ-modules, we denote by F(Θ) the full subcategory
of mod (Λ) whose objects are the Λ-modules M which have a Θ-filtration.
That is, M ∈ F(Θ) is there is a finite chain
0 = M0 ≤M1 ≤M2 ≤ · · · ≤Mt = M
of submodules of M such that each quotient Mi/Mi−1 is isomorphic to a
module in Θ. In case that the class Θ := ∆, the modules in F(∆) are called
∆−good modules.
If ΛΛ ∈ F(∆) then the pair (Λ,≤) is said to be a (left) standardly strat-
ified algebra. A standardly stratified algebra is called quasi-hereditary if
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the endomorphism ring of each standard module is a division ring. Quasi-
hereditary algebras were introduced in [6, 26] to deal with highest weight
categories, which play an important role in the representation theory of Lie
algebras and algebraic groups.
Stratifying systems. Let Λ be a k-algebra. The concept of Ext-
projective stratifying system (epss, for short) was introduced in [8,22]. This is
a generalization of the standard modules and it is very useful for constructing
standardly stratified algebras.
Definition 2.1. [22] Let Θ = {Θ(i)}ti=1 be a family of non-zero Λ-modules,
Q = {Q(i)}ti=1 a family of indecomposable Λ-modules and ≤ a linear order
on [1, t]. The triple (Θ, Q,≤) is an Ext-projective stratifying system of size t,
in mod (Λ), if the following three conditions hold true
(a) HomΛ(Θ(j),Θ(i)) = 0 for j > i,
(b) for each i ∈ [1, t], there is an exact sequence in mod (Λ)
0→ K(i)→ Q(i) βi→ Θ(i)→ 0
such that K(i) ∈ F({Θ(j) : j > i}),
(c) Ext1Λ(Q,−)|F(Θ) = 0 for Q := ⊕ti=1Q(i).
It is shown in [22] that B := End(RQ)
op is a standardly stratified algebra
with respect to the given linear order ≤ on the set [1, t]. In this case, the stan-
dard B-modules are computed by using the family {BP (i)}i∈[1,t] of projective
B-modules, where BP (i) := HomΛ(Q,Q(i)).
For any k-algebra Λ, there exists Ext-projective stratifying system of size
n := rkK0(Λ). The canonical one is of the form (∆, Q,≤). Moreover, the pair
(Λ,≤) is a standardly stratified algebra if, and only if, Q = {Pi}ni=1 [22]. Note
that in this case, the algebra B := End(RQ)
op is morita equivalent to Λ.
The Cartan group. Let Λ be a k-algebra. Consider a class C ⊆ mod (Λ)
of Λ-modules, which is closed under extensions and direct summands. Let
F (C) be the free abelian group on the objects of C, and let R(C) be the
subgroup of F (C) generated by the elements A + B − C if there is an exact
sequence 0→ A→ C → B → 0. The Grothendieck group of C is the quotient
K0(C) := F (C)/R(C).
The Grothendieck group of mod (Λ) will be denoted by K0(Λ). Recall that
this group is free abelian and its canonical basis is the set of iso-classes of
simple Λ-modules S1, S2, · · · , Sn. In particular, it is isomorphic to Zn. On the
other hand, the Grothendieck group K0(proj (Λ)) is also isomorphic to the
free abelian group Zn, and its canonical basis is given by the set of iso-classes
of indecomposable projective Λ-modules P1, P2, · · · , Pn.
As usual, for M ∈ mod (Λ), we also denote by dim(M) its class [M ] in
K0(Λ). It can be seen that dim(M) =
∑n
i=1 [M : Si][Si], where [M : Si] is the
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multiplicity of Si in M. The Cartan map is the Z-linear transformation
C = CΛ : K0(proj (Λ))→ K0(Λ), [Pi] 7→ dim(Pi).
The Cartan group G = GΛ of Λ is the cokernel of the Cartan map CΛ. Note
that CtΛ = CΛop , since the functor HomΛ(−,Λ) : proj(Λ) → proj (Λop) is a
duality.
It is clear that, for an algebra Λ of finite global dimension, its Cartan group
GΛ is zero, since CΛ is invertible.
We state next, the following proposition of [5]. We recall that two k-
algebras A and B are derived equivalent if their corresponding bounded de-
rived categories Db(mod (A)) and Db(mod (B)) are equivalent as triangulated
categories.
Proposition 2.2. [5, Proposition 2.1] Let A and B be derived equivalent
k-algebras. Then, there exists some integral invertible matrix P such that
PCAP
t = CB .
Remark 2.3. Let A and B be finite dimensional k-algebras, which are derived
equivalent. Then, by Proposition 2.2 we get that GA ' GB .
We are interested in the case that the Cartan map CΛ has a non vanishing
determinant, and hence by Lemma 3.3 it is equivalent to say that the Cartan
group GΛ is finite. In order to prove that, we use various elementary results
of presentations of finite abelian groups. In section 3 we deal with this and
also some proofs are given for the sake of completeness.
Weakly-triangular k-algebras. Let Λ = kQ/I be a quotient path
k-algebra, where I is an admissible ideal. Let ≤ be a linear order on the set of
vertices Q0 := {v1, v2, . . . , vn}. We recall that the algebra Λ is weakly trian-
gular, with respect to the partially ordered set (Q0,≤), if HomΛ(P (vi), P (vj))
is equal to zero for vi < vj , where P (vt) := Λevt and evt is the idempotent
associated with the vertex vt, for each t ∈ [1, n]. In this case, we also say
that the pair (Λ,≤) is a weakly triangular algebra. If in addition, Q does not
have oriented cycles, it is said that (Λ,≤) is a triangular algebra. Note that
a weakly triangular algebra (Λ,≤) does not have to be standardly stratified,
however (Λ,≤op) is standardly stratified.
As a consequence of the following proposition, we get that the only possible
oriented cycles in a weakly triangular algebra are the concatenations of loops.
In order to state and prove this result, we recall the following notions. An
oriented cycle in Q is proper if it does not have loops, and a vertex v ∈ Q0
is a quasi-source if there is not an arrow w → v in Q1, with w 6= v.
Proposition 2.4. Let Λ = kQ/I be a quotient path k-algebra, where I is an
admissible ideal. Then, Q does not have proper oriented cycles if, and only if,
there is a linear order ≤ on Q0 such that (Λ,≤) is a weakly triangular algebra.
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Proof. (⇒) Assume that Q does not have proper oriented cycles. We prove
firstly that Q has quasi-sources. Indeed, suppose that Q does not have quasi-
sources. Fix some v1 ∈ Q0. Then there is an arrow v2 → v1, with v2 6= v1.
Since, it is supposed that Q does not have quasi-sources, we can repeat this
procedure and thus we get an oriented path vn → vn−1 → · · · → v2 → v1,
without loops, where n = |Q0|. Since vn is not a quasi-source, there is an
arrow vj → vn with vj 6= vn. Hence we get a proper oriented cycle vj → vn →
vn−1 → · · · → vj , which is a contradiction proving that Q has quasi-sources.
In order to construct a linear order ≤ on Q0 in such a way that (Λ,≤) be
weakly triangular, we proceed as follows. Firstly, we choose a quasi-source
v1 ∈ Q0. Then, for any vertex j ∈ Q0−{v1} there are not oriented paths from
j to v1 and thus
HomΛ(P (v1), P (j)) ' ev1Λej = 0 for all j ∈ Q0 − {v1}.
In particular, Λ is isomorphic to a matrix triangular k-algebra
(
Σ 0
T Γ
)
, where
Σ := EndΛ(P (v1))
op, Γ := EndΛ(Q(v1))
op, Q(v1) :=
⊕
j∈Q0−{v1} P (j) and
T := HomΛ(Q(v1), P (v1)). Note that Γ satisfies the same conditions as Λ
does, QΓ = QΛ − {v1} and HomΛ(Λei,Λej) ' HomΓ(Γei,Γej) for any ver-
tices i, j ∈ QΓ. We choose now a quasi-source v2 in QΓ. Then, as before
HomΛ(P (v2), P (j)) ' HomΓ(P (v2), P (j)) = 0 for any j ∈ QΓ − {v2}. There-
fore we set v1 < v2, and by iterating this procedure, we get a linear order
v1 < v2 < · · · < vn on Q0 satisfying that HomΛ(P (vi), P (vj)) = 0 for vi < vj .
(⇐) Let (Λ,≤) be weakly triangular algebra. Suppose there is a proper
oriented cycle C. Without loss of generality, we may assume that C is minimal,
that is C = v1 → v2 → · · · → vn → v1 and all the vertices in this cycle are
different to each other. We consider the numeration of the vertices vj in C,
with j ∈ Z/nZ, and thus vn+1 = v1. We assert there exist some j0 ∈ Z/nZ
such that vj0+1 < vj0 . If this were not the case, we would have v1 < v2 <
· · · vn < vn+1 = v1, which is a contradiction that proves our assertion. It
can be assumed that j0 = 1. Then there is an arrow v1 → v2, and thus
HomΛ(P (v2), P (v1)) 6= 0, with v2 < v1. This is a contradiction with the fact
that (Λ,≤) is weakly triangular. Therefore there is not a proper oriented cycle
in Q. 2
3. Finite Abelian Groups
In this section, we introduce some well known notations and results that
are fundamental for the development of the paper.
Definition 3.1. A quasi-elementary sequence, of length m ≥ 1, is a
sequence of non-negative integers (f1, · · · , fm) such that fi | fi+1, for all i ∈
[1,m− 1]. If in addition, all the fi are positive, it is said that this sequence is
elementary.
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One of the main properties of integral square matrices can be summarized
in the following well known result.
Proposition 3.2. Every matrix C ∈ Matn×n(Z) can be reduced, by integral
elementary row and column transformations, to the form diag (f1, f2, · · · , fn),
where (f1, f2, · · · , fn) is a quasi-elementary sequence. Furthermore, the inte-
gers f1, f2, · · · , fn are uniquely determined by the matrix C.
Proof. [27, Proposition 9.13, Remark 9.16]. 2
The following Lemma will be very useful in all that follows. We identify
any matrix C ∈ Matn×n(Z), with the Z-linear transformation Zn → Zn,
X 7→ CX.
Lemma 3.3. For any D ∈ Matn×n(Z) and G := CoKer (D), the following
statements are equivalent.
(a) det (D) 6= 0.
(b) D is a monomorphism as Z-linear transformation.
(c) The abelian group G is finite.
Proof. By tensoring D : Zn → Zn with Q, we get the Q-lineal transforma-
tion D⊗ZQ : Qn → Qn. Note that det (D⊗ZQ) = det (D). Thus, det (D) 6= 0
iff D⊗Z Q is an isomorphism. Furthermore, the functor −⊗Z Q : Mod (Z)→
Mod (Q) is exact, since Q is a flat Z-module.
(a)⇒ (b) Let det (D) 6= 0. Then, D⊗ZQ is an isomorphism. Suppose that
0 6= Ker (D). Then, Im (D) ' Zt, with t < n, since Zn = Ker (D) ⊕ Im (D).
On the other hand, Im (D ⊗Z Q) = Im (D) ⊗Z Q ' Qt, contradicting that
D ⊗Z Q is an isomorphism.
(b) ⇒ (c) By hypothesis, we have an exact sequence 0 → Zn D−→ Zn →
G → 0. In particular, G is a finitely generated abelian group. Therefore
G = Zt⊕ T, where t is a non-negative integer and T is a finite group. On the
other hand, D ⊗Z Q is a monomorphism since Q is flat, and thus, D ⊗Z Q is
an isomorphism. Then, by tensoring the above exact sequence, it follows that
0 = G ⊗Z Q = Qt ⊕ (T ⊗Z Q) = C; proving that t = 0 and thus G = T is a
finite group.
(c) ⇒ (a) By tensoring with Q the exact sequence Zn D−→ Zn → G→ 0, we
get the exact sequence Zn ⊗Z Q D⊗ZQ−−−−→ Zn ⊗Z Q → G ⊗Z Q → 0. Note that
G⊗Z Q = 0, since G is finite. Therefore D ⊗Z Q is an isomorphism and thus
det (D) = det (D ⊗Z Q) 6= 0. 2
Proposition 3.4. For any D ∈ Matn×n(Z), with det (D) 6= 0, and G :=
CoKer (D), we have that |G| = |det (D)|.
Proof. By Lemma 3.3, we know that G is a finite group. By Proposition
3.2, there is a positive integer sequence (f1, f2, · · · , fn) and an integer matrix
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C such that det (C) = ±1 and D = C diag (f1, f2, · · · , fn). Therefore
G ' CoKer (diag (f1, f2, · · · , fn)) = ⊕ni=1 Z/fiZ
and thus |G| = ∏ni=1 fi = det (diag (f1, f2, · · · , fn)) = |det (D)|, proving the
result. 2
Let G be a finite abelian group. It is well known that there is a unique
elementary sequence (f1, . . . , fm) such that fi ≥ 2, for all i ∈ [2,m], and
G ' ⊕mi=1 ZfiZ . This elementary sequence is called the invariant factors
sequence of the group G, and the f ′is are called the invariant factors of G.
Moreover, for any epimorphism p : Zn → G, it follows that n ≥ m.
We also recall that the exponent exp (G), of G, is the minimal natural
number t such that tg = 0 for every g ∈ G.
Proposition 3.5. Let D ∈ Matn×n(Z) be a triangular matrix, with non-zero
determinant, and let t = exp (G) be the exponent of G := CoKer(D). Then t
is a multiple of di := [D]i,i, for every i ∈ [1, n].
Proof. Assume that D is upper triangular. Let di,j := [D]i,j . Without loss of
generality, we may assume that all the di are positive. For any j ∈ [1, n], we
consider the matrix Ej ∈ Matn×1(Z), where [Ej ]i,1 := δi,j .
For D : Zn → Zn, we have that the image of D is generated by the
column vectors E1, E2, · · · , En. Furthermore, using the fact that D is upper
triangular, we get for any i ∈ [1, n] that
(∗) 〈[D]1, [D]2, · · · , [D]i〉 ⊆ 〈E1, E2, · · · , Ei〉 .
Let i ∈ [1, n]. Since tG = 0, we have that tZn ⊆ Im (D) and thus
(1) tEi =
n∑
j=1
λi,j [D]
j
We assert that λi,j = 0, for any j ∈ [i+ 1, n]. Indeed, suppose ∃ j ∈ [i+ 1, n]
such that λi,j 6= 0. Without loss of generality, we may assume that λi,r = 0,
for any r ∈ [j + 1, n]. Let u := ∑j−1r=1 λr,i[D]r. Then, by (∗) it follows that
u ∈ 〈E1, E2, · · · , Ej−1〉 . Moreover, from (1) and (∗), we obtain
λi,jdjEj = tEi − u− λi,j
j−1∑
r=1
dr,jEr ∈ 〈E1, E2, · · · , Ej−1〉 ,
which is a contradiction, since λi,jdj 6= 0. Thus, our assertion follows and
then (1) can be written as tEi =
∑i
j=1 λi,j [D]
j . Finally, from the preceding
equality and the fact that D is upper triangular, we conclude that t = λi,idi,
proving the result. 
Example 3.6. Consider the quotient path k-algebra Λ = kQ/I, where Q is
the quiver 1
α //
2
β
oo and I = 〈βαβ〉 . The structure of the indecomposable
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projective Λ-modules is as follows
P (1) =
1
2
1
2
and P (2) =
2
1
2.
In this case, the Cartan matrix is CΛ =
(
2 1
2 2
)
. By doing integral elementary
row and column transformations, we get(
2 1
2 2
)
∼
(
2 1
0 1
)
∼
(
2 0
0 1
)
∼
(
1 0
0 2
)
.
Therefore, the Cartan group GΛ of Λ is Z/2Z.
4. Cartan groups and standardly stratified algebras
We are interested in the study of the Cartan groups for the class of stan-
dardly stratified k-algebras. For a k-algebra Λ, we fix n := rkK0(Λ). In this
section, we study more closely the relationship between GΛ and Λ.
Let (Θ, Q,≤) be an Ext-projective stratifying system, of size t, in mod (Λ).
By [21, Lemma 2.1], we know that the Grothendieck group K0(F(Θ)) is free of
rank t, with a basis formed by each image [Θ(i)] of Θ(i) under the canonical
map F (F(Θ)) → K0(F(Θ)). Following [22], we have the standardly stratified
algebra (B,≤), where B := EndΛ(Q)op and Q := ⊕ti=1Q(i). The family of
standard B-modules B∆ is computed by using the complete family BP :=
{BP (i)}ti=1 of pairwise non-isomorphic indecomposable projective B-modules,
where BP (i) := HomΛ(Q,Q(i))). Let BS(i) := top (BP (i)), for any i ∈ [1, t].
We have the following diagram in the category of abelian groups
K0(add (Q))
CQ,Θ

CQ // K0(B)
K0(F(Θ)),
CΘ
88
where the morphisms above are defined, on the canonical basis, as follows
CQ[Q(j)] :=
t∑
i=1
dimk HomΛ(Q(i), Q(j))[BS(i)],
CQ,Θ[Q(j)] :=
t∑
i=1
[Q(j) : Θ(i)][Θ(i)],
CΘ[Θ(j)] :=
t∑
i=1
dimk HomΛ(Q(i),Θ(j))[BS(i)].
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In the following Lemma, we summarize the main properties of the above
morphisms.
Lemma 4.1. For any epss (Θ, Q,≤) of size t, in mod (Λ), the following state-
ments hold true.
(a) The matrix CQ,Θ is triangular and det (CQ,Θ) = 1.
(b) The matrix CΘ is triangular and CΘ CQ,Θ = CQ = CB .
(c) det (CΘ) =
∏t
i=1 dimk EndΛ(Θ(i)).
Proof. This is part of [21, Lemma 2.5]. 2
Theorem 4.2. Let (Θ, Q,≤) be an Ext-projective stratifying system of size
t in mod (Λ), B := EndΛ(Q)
op, BP (i) := HomΛ(Q,Q(i)), and let BS(i) :=
top (BP (i)). Then, the following statements hold true.
(a) GB ' CoKer (CΘ) and |GB | =
∏t
i=1 dimk EndΛ(Θ(i)).
(b) For any i ∈ [1, t], we have
dimk EndΛ(Θ(i)) = [B∆(i) : BS(i)] dimk End(BS(i)).
(c) The exponent of GB is a multiple of dimk EndΛ(Θ(i)), for any i ∈
[1, t].
Proof. (a) By Lemma 4.1 (a), we have that CQ,Θ : K0(add (Q)) →
K0(F(Θ)) is an isomorphism. Therefore, from Lemma 4.1 (b), we get GB =
CoKer (CB) ' CoKer (CΘ). Then, by Proposition 3.4 and Lemma 4.1 (c), we
have |GB | = |CoKer (CΘ)| = det (CΘ) =
∏t
i=1 dimk EndΛ(Θ(i)).
(b) Let i ∈ [1, t]. Then dimk End(B∆(i)) = dimk HomB(BP (i),B∆(i)) =
[B∆(i) : BS(i)] dimk End(BS(i)). Thus, (c) follows since, by [22, Proposition
2.12], we know that dimk End(B∆(i)) = dimk EndΛ(Θ(i)).
(c) It follows from (a) and Proposition 3.5, since by [22, Lemma 2.6] we
have [CΘ,B ]i,i = dimk HomΛ(Q(i),Θ(i)) = dimk EndΛ(Θ(i)). 2
We recall that, for any standardly stratified k-algebra (Λ,≤), we have a
square matrix playing an important role in the description of the Cartan
group GΛ, namely, the ∆-Cartan matrix C∆ ∈ Matn×n(Z) where [C∆]i,j :=
[∆(j) : Si].
Corollary 4.3. Let (Λ,≤) be a stardardly stratified k-algebra. Then, the
following statements hold true.
(a) GΛ ' CoKer (C∆) and |GΛ| =
∏n
i=1 dimk EndΛ(∆(i)).
(b) If Λ is an elementary k-algebra, then dimk EndΛ(∆(i)) = [∆(i) : Si],
for any i ∈ [1, t].
(c) The exponent of GΛ is a multiple of dimk EndΛ(∆(i)), for any i ∈
[1, t].
Proof. We may assume that Λ is a basic k-algebra. Let Q := {Pi}ni=i be
the complete family of pairwise non-isomorphic projective Λ-modules that we
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use to compute the standard modules ∆. Since (Λ,≤) is standardly stratified,
by [22, Proposition 2.2] we have that the triple (∆, Q,≤) is an Ext-projective
stratifying system in mod (Λ) of size n := rkK0(Λ). In this case, Q = Λ and
thus B ' Λ. Furthermore dimk End(BS(i)) = 1, since Λ is a quotient path
k-algebra for some admissible ideal. Then, the result follows from Theorem
4.2. 2
Corollary 4.4. Let (Λ,≤) be an elementary and standardly stratified k-
algebra, satisfying that HomΛ(Pi,∆(j)) = 0 for i < j. Then, for di :=
dimk (∆(i)), we have
GΛ =
n⊕
i=1
Z
diZ
.
Proof. Note that [C∆]i,j = dimk Hom(P (i),∆(j)) = 0 for i 6= j. Then, for
any i ∈ [1, n], the standard module ∆(i) has as composition factors only the
simple Si. Moreover, [C∆]i,i = di, since dimk (Si) = 1. Hence, by Corollary
4.3 we get the result. 
Remark 4.5. Let (Λ,≤) be a standardly stratified k-algebra and n = rkK0(Λ).
(1) Let i < j. Then HomΛ(Pi,∆(j)) = 0 implies that HomΛ(∆(i),∆(j)) =
0. But the converse is not true, as can be seen in Example 3.6.
(2) The following statements are equivalent
(a) the matrix C∆ is diagonal;
(b) HomΛ(Pi,∆(j)) = 0 for i < j;
(c) (Λ,≤) is a weakly triangular algebra.
We only proof that (b) ⇒ (c). Let [∆(j) : Si] = 0 for i < j. We assert that
[Pj : Si] = 0 for i < j. We do inverse induction on [1, n]. Since Pn = ∆n the
result holds if j = n. For j < n, we have the following short exact sequence
0→ Tr⊕t>jPt(Pj)→ Pj → ∆j → 0.
The left side of the above sequence has, by induction, composition factors only
St’s with t > j, and the right hand side has compositions factors only Sj . Thus
our assertion follows.
(3) C∆ = diag(1, 1, · · · , 1) if and only if Λ is triangular.
Indeed, note that C∆ = diag(1, 1, · · · , 1) ⇔ [∆(i) : Sj ] = δi.j for all i, j ⇔
mod (Λ) = F(∆). Then, the item (3) follows from [24, Theorem 4.8]
Remark 4.6. (1) One class, where the hypothesis of Corollary 4.4 holds, is
the class of the algebras with all idempotent ideals projective. However, there
are standardly stratified algebras, satisfying the hypothesis of Corollary 4.4,
and such that not all the idempotent ideals are projective. The Example 4.7
shows that fact.
(2) The Cartan group does not distinguish iso-classes of standardly strati-
fied algebras. Indeed, the algebras given in Example 4.7 and Example 4.8 are
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not isomorphic, but their Cartan group are isomorphic. Note that, in these
particular examples, the Cartan matrices are different.
Example 4.7. Let Λ = kQ/I, where Q is the quiver
2
γ

1
β
@@
δ 
4
α
3
ε
@@
and I =
〈
γβ − εδ, α2〉 . The structure of the indecomposable projective Λ-
modules is as follows
P (1) =
1
2 3
4
4
, P (2) =
2
4
4
, P (3) =
3
4
4
, P (4) =
4
4
.
Therefore ∆(1) = S(1), ∆(2) = S(2), ∆(3) = S(3) and ∆(4) = P (4). Thus,
the ∆-Cartan matrix is diagonal and ∆C = diag(1, 1, 1, 2). Then, by Corollary
4.3 it follows GΛ ' Z/2Z. Moreover, for P (1) := P (2) ⊕ P (3) ⊕ P (4), the
idempotent ideal TrP (1)(Λ) is not projective, since the summand TrP (1)(P (1))
is not projective. Finally, note that
CΛ =

1 0 0 0
1 1 0 0
1 0 1 0
2 2 2 2
 .
Example 4.8. Let Λ = kQ/I, where Q is the quiver given in Example 4.7
and I =
〈
α2
〉
. Note that the projective modules P (2), P (3) and P (4) are the
same as in Example 4.7. Moreover, radP (1) = P (2) ⊕ P (3) and thus the
∆-Cartan matrix is ∆C = diag(1, 1, 1, 2). Hence GΛ ' Z/2Z. Note that
CΛ =

1 0 0 0
1 1 0 0
1 0 1 0
4 2 2 2
 .
In the following example, it is shown that any non-trivial abelian group
can be realized as the Cartan group of some standardly stratified algebra.
Example 4.9. Let (n1, n2, · · · , nk) be a sequence of positive integers such
that ni ≥ 2, for any i ∈ [1, k], and let Λ = kQ/I, where Q is the quiver
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•
1
•
2
α2
β1
α1 . . . •
k − 1
•
k
αk−1 αk
βk−1
and I = 〈αn11 , αn22 , . . . , αnkk 〉. The structure of the indecomposable projective
Λ-modules P (i) and P (k) is
P (i) P (k)
i
i
P (i+ 1)
P (i+ 1)
βi
βi
...
i
i P (i+ 1)
P (i+ 1)
αi
αi
βi
βi
k
k
k
k
...
αk
αk
Therefore, ∆(i) is uniserial and [∆(i) : Sj ] = niδi,j , for any i, j ∈ [1, k]. Thus
C∆ = diag(n1, n2, · · · , nk) and then GΛ = ⊕ki=1 Z/niZ.
Lemma 4.10. Let Λ be an artin algebra such that (Λ,≤) is a standardly
stratified algebra for some linear order on [1, n], where n := rkK0(Λ), and let
i ∈ [1, n]. If EndΛ(∆(i)) is a division ring then [∆(i) : Si] = 1.
Proof. Let EndΛ(∆(i)) be a division ring, and let ∆
′(i) := rad ∆(i). Suppose
that [∆(i) : Si] ≥ 2. Then, there exist submodules M ⊆ N ⊆ ∆′(i) such that
N/M ' Si. Thus, there is a non zero morphism t : Pi → ∆′(i)/M. Since Pi is
projective, t factors trough the canonical epimorphism pi : ∆′(i) → ∆′(i)/M,
that is, we have some t′ : Pi → ∆′(i) such that pit′ = t. Let α : Pi → ∆(i) be
the composition of t′ : Pi → ∆′(i) with the inclusion ∆′(i) ⊆ ∆(i). Note that
α 6= 0, since t 6= 0.
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Using the fact that (Λ,≤) is a standardly stratified algebra, for the canon-
ical epimorphism pii : Pi → ∆(i), we have that
HomΛ(pii,∆(i)) : EndΛ(∆(i))→ HomΛ(Pi,∆(i))
is an isomorphism. Thus, ∃β ∈ EndΛ(∆(i)) such that βpii = α 6= 0 and
hence β is an isomorphism. In particular α is an epimorphism and therefore
rad ∆(i) = ∆(i), which is a contradiction. Then, we conclude that [∆(i) :
Si] = 1. 2
As we will see below, for a standardly stratified algebra Λ, the group GΛ
gives a measure of how far this algebra is from being quasi-hereditary.
Corollary 4.11. Let (Λ,≤) be a standardly stratified k-algebra. Then, (Λ,≤)
is quasi-hereditary if and only if GΛ = 0.
Proof. Let (Λ,≤) be quasi-hereditary. Then, by Lemma 4.10 we get that
[∆(i) : Si] = 1, for any i ∈ [1, n]. Therefore, from Corollary 4.3, it follows that
|GΛ| = 1.
Let GΛ = 0. Then, from Corollary 4.3 we get that dimk EndΛ(∆(1)) = 1,
for any i ∈ [1, n]. 2
Let {Pi}ni=1 be a complete family of pairwise non-isomorphic indecompos-
able projective Λ-modules. For i ∈ [1, n), we set P (i) := ⊕ij=1 Pj , Σi :=
EndΛ(P
(i))op, P i := ⊕j>i Pj and Γi := EndΛ(P i)op.
Theorem 4.12. Let Λ = kQ/I be a quotient path k-algebra, and let ≤ be the
natural order on Q0 := [1, n]. Then, for any i ∈ [1, n), the following statements
are equivalent.
(a) CΛ∆ is a diagonal matrix and (Λ, ≤) is a standardly stratified algebra.
(b) (Λ, ≤) is weakly triangular. Moreover, for any i ∈ [1, n), the pairs
(Σi,≤|[1,i]) and (Γi,≤|[i+1,n]) are standardly stratified algebras sat-
isfying that their corresponding ∆-Cartan matrices are diagonal and
HomΛ(P i, P
(i)) ∈ F(Γi∆).
(c) Λ is isomorphic to a triangular matrix k-algebra
(
R 0
M T
)
, where
M is a T − R-bimodule. Moreover (R,≤|[1,i]) and (T,≤|[i+1,n]) are
standardly stratified algebras satisfying that their corresponding ∆-
Cartan matrices are diagonal and M ∈ F(T∆).
Proof. (a) ⇒ (b) By Remark 4.5, we get that (Λ, ≤) is weakly triangular.
In particular, HomΛ(P
(i), P i) = 0 and thus
Λ '
(
Σi 0
HomΛ(P i, P
(i)) Γi
)
.
Thus C
Λ∆ = CΣi∆⊕CΓi∆ as matrices and then CΣi∆ and CΓi∆ are diagonal.
Therefore [25, Proposition 16] implies (b).
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(b) ⇒ (c) Since (Λ, ≤) is weakly triangular, we get as before the same
triangular matrix decomposition of Λ as above. Therefore, CΛ∆ is diagonal,
since CΣi∆ and CΓi∆ are diagonal. Finally, by [25, Proposition 16], we can
take R := Σi, T := Γi and M := HomΛ(P i, P
(i)).
(c) ⇒ (a) It follows from [25, Proposition 16] and the equality CΛ∆ =
C
R∆ ⊕ CT∆. 2
In the second section, we gave some properties of presentations of finite
abelian groups. These can be applied to the group GΛ for a standardly strat-
ified algebra Λ, since the ∆-Cartan matrix C∆ is upper triangular. We turn
our attention to a particular case where the det(C∆) = [C∆]i,i for some i. The
Example 4.7 shows that this situation occurs, more specifically, in this case
det(C∆) = [C∆]4,4 = 2.
Corollary 4.13. Let Λ = kQ/I be a quotient path k-algebra, (Λ, ≤) be a
standardly stratified algebra, where ≤ is the natural order on Q0 := [1, n], and
let CΛ∆ = diag(d1, d2, · · · , dn). Then,
Λ '
(
R 0
M T
)
,
and the following statements hold true.
(a) Let dj = 1, for j ∈ [2, n]. Then Σ1 ' R is local and T ' Γ1 is
triangular.
(b) Let dj = 1, for j ∈ [1, n). Then Σn−1 ' R is triangular and T ' Γn−1
is local. Moreover, TM ∈ proj (T ).
(c) Let dj = 1, for j ∈ [1, n]− {t}, for some t ∈ [2, n− 1]. Then Σt ' R,
with C
R∆ = diag(1, · · · , 1, dt), and T ' Γt is triangular.
Proof. It follows from Remark 4.5 (3) and Theorem 4.12. 
Let Λ be a finite dimensional k-algebra. We recall that P<∞(Λ) is the
class of the Λ-modules M ∈ mod (Λ), which have finite projective dimen-
sion. A very important homological measure of Λ is the finitistic dimension
fin.dim(Λ) := sup{pd(M) : M ∈ P<∞(Λ)}. On open question, till now, says
that fin.dim(Λ) is finite for any finite dimensional k-algebra Λ.
Let (Λ, ≤) be a standardly stratified algebra. We are now interested in
investigate the cases when F(Λ∆) = P<∞(Λ), where P<∞(Λ) stands for the
class of al Λ-modules of finite projective dimension. The preceding equality
implies, by [23, Proposition 3.17 (a)], that fin.dim (Λ) = pd (T ) ≤ n − 1,
where T is the characteristic tilting Λ-module associated with (Λ, ≤) and
n = rkK0(Λ).
Corollary 4.14. Let Λ = kQ/I be a quotient path k-algebra, ≤ be the natural
order on Q0 = [1, n] and let (Λ, ≤) be a standardly stratified and weakly
triangular k-algebra. Then
F(Λ∆) = P<∞(Λ).
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Proof. The proof will be carried on by induction on n = rkK0(Λ). If n = 1,
we get that Λ is local and thus F(Λ∆) = proj (Λ) = P<∞(Λ).
Let n ≥ 2. By Remark 4.5 (2) and Proposition 4.12, we have that
Λ '
(
Σ1 0
M Γ1
)
,
where M := HomΛ(P 1, P
(1)) ∈ F(Γ1∆), Σ1 is local and (Γi,≤ |[i+1,n]) is stan-
dardly stratified and weakly triangular algebra. Then F(Σ1∆) = P<∞(Σ1),
pd (Γ1M) is finite, and by induction F(Γ1∆) = P<∞(Γ1). Therefore, from [25,
Theorem 19] it follows that F(Λ∆) = P<∞(Λ). 
5. Radical square zero algebras
In this section, we study radical square zero path k-algebras. Such an
algebra Λ is of the form Λ = kQ/J2, where J is the ideal of kQ which is
generated by the set of arrows Q1 of the quiver Q. Let v ∈ Q0 be a vertex
of Q. The idempotent in Λ, attached to the vertex v, is denoted by ev. Then,
associated with the vertex v, we have: the projective Λ-module P (v) := Λev
and the simple Λ-module S(v) := P (v)/radP (v). Given a path γ in Q, we say
that it starts at the vertex s(γ) and ends at t(γ).
Lemma 5.1. Let Λ = kQ/J2 and v ∈ Q0 be a vertex in an oriented cycle of
Q. Then pdS(v) =∞.
Proof. Since rad2 Λ = 0, it follows that for any w ∈ Q0 there is the exact
sequence 0→⊕α∈Q1, s(α)=w S(t(α))→ P (w)→ S(w)→ 0.
Let v be a vertex in an oriented cycle C of Q. If C has a loop at the vertex
v, then by using the above exact sequence it can be constructed an infinite
minimal projective resolution of the simple S(v) and thus pdS(v) =∞.
Suppose there is not a loop at the vertex v. We can assume that C = i1 →
i2 → · · · → in → i1, where v = i1 and all the vertices of the cycle are different
to each other. By using the above exact sequence, in the vertices of C, it can
be constructed the following minimal long exact sequence
0→ S(i1)⊕K → P (in)⊕Q(in)→ · · · → P (i2)⊕Q(i2)→ P (i1)→ S(i1)→ 0,
where all the Q(ij)
′s are projective. Then by using the above long exact
sequence it can be constructed an infinite minimal projective resolution of the
simple S(i1); proving that pdS(i1) =∞. 2
Lemma 5.2. Let Λ = kQ/J2 and ≤ be a linear order on Q0 such that (Λ,≤)
is a standardly stratified k-algebra. If there is an arrow v1 → v2 in Q1 such
that v1 < v2, then ∆(v2) = S(v2).
Proof. Let v1 → v2 be an arrow in Q1 such that v1 < v2. Since rad2 Λ = 0,
the arrow v1 → v2 implies that S(v2) ⊆ P (v1). Thus, the simple mod-
ule S(v2) is contained in U(v1) := Tr⊕
j>v1
P (j)(P (v1)) ∈ F(∆). Note that
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U(v1) ⊆ radP (v1) and radP (v1) is a semisimple module. Then, by using that
F(∆) is closed under direct summands, we get that S(v2) ∈ F(∆). Therefore
S(v2) = ∆(v) for some vertex v ∈ Q0. Finally, note that v2 = v since ∆(v)
has composition factors among the S(j) with j ≤ v. 2
Proposition 5.3. Let Λ = kQ/J2 and ≤ be a linear order on Q0 such that
(Λ,≤) is a standardly stratified k-algebra. Then, there exists a linear order
≤′ on Q0 such that (Λ,≤) is a weakly-triangular algebra.
Proof. By Proposition 2.4, it is enough to show that Q does not have
proper oriented cycles. Suppose there is an oriented cycle C = v1 → v2 →
· · · → vn → v1 and all the vertices in this cycle are different to each other.
By reordering the vertices of C, if it were necessary, we have that v1 < v2.
Then, by Lemma 5.1 and Lemma 5.2, it follows that pd ∆(v2) = ∞, which
is a contradiction with [2, Proposition 1.8 (i)], since (Λ,≤) is a standardly
stratified k-algebra. 2
Theorem 5.4. Let Λ = kQ/J2 and ≤ be a linear order on Q0 such that
(Λ,≤) is a standardly stratified k-algebra. If Q does not have sinks then
fin.dim Λ = 0, (Λ,≤op) is weakly-triangular and |GΛ| =
∏
v∈Q0 [P (v) : S(v)].
Proof. Assume that Q does not have sinks. We show that
(∗) proj Λ = F(∆) = P<∞(Λ).
Indeed, since (Λ,≤) is standardly stratified, it follows by [2, Proposition 1.8(i)]
that proj Λ ⊆ F(∆) ⊆ P<∞(Λ). Then, in order to obtain (∗), it is enough to
show that any Λ-module of finite projective dimension is projective. Suppose
there is some M ∈ P<∞(Λ) which is not projective. Then, there is a minimal
projective resolution 0 → Pm dm−−→ Pm−1 → · · · → P1 → P0 → M → 0 of
M, with m ≥ 1. Since radPm−1 is semisimple and Im (dm) ⊆ radPm−1, we
get that Pm is semisimple. Therefore there is a simple projective Λ-module,
contradicting the fact that Q does not have sinks; and thus (∗) holds true.
Note that the equalities in (∗) imply that fin.dim Λ = 0, and moreover
P (v) = ∆(v) for any vertex v ∈ Q0. Let us prove that (Λ,≤op) is a weakly-
triangular k-algebra. Suppose HomΛ(P (i), P (j)) 6= 0 for i > j. In particular,
[P (j) : S(i)] 6= 0 for i > j, which is a contradiction with P (j) = ∆(j); proving
that (Λ,≤op) is weakly-triangular. Finally, by Corollary 4.3 we conclude that
|GΛ| =
∏
v∈Q0 [P (v) : S(v)]. 2
Example 5.5. Let Λ = kQ/J2, where Q is the quiver 1
α // 2
β
. The
structure of the indecomposable projective Λ-modules is as follows
P (1) =
1
2
and P (2) =
2
2
.
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Consider the linear order 2 < 1 in Q. Therefore ∆(1) = P (1) and ∆(2) =
P (2). Thus, (Λ, 2 < 1) is standardly stratified, (Λ, 1 < 2) is weakly-triangular,
C∆ = CΛ and |GΛ| = [P (1) : S(1)][P (2) : S(2)] = 2.
Let Λ = kQ/I, where I is an admissible ideal of kQ. It can be defined a
pre-order relation ≤Q, on the set of vertices Q0, as follows. For v, w in Q0,
we set v ≤Q w if there is an oriented path γ in Q with s(γ) = v and t(γ) = w.
Let ≤ be a pre-order relation on Q0. We say that ≤ is a refinement of ≤Q
if the relation x ≤Q y implies that x ≤ y. For each vertex v ∈ Q0, we denote
by loop(v) the number of loops in Q starting at the vertex v.
Remark 5.6. Let Λ = kQ/I, where I is an admissible ideal of kQ. In general,
the relation ≤Q is not an order on Q0. However, by Proposition 2.4, the
following three conditions are equivalent: (a) there is a linear order ≤ on Q0
such that (Λ,≤) is a weakly-triangular k-algebra, (b) (Q0,≤Q) is a partially
ordered set, and (c) the quiver Q does not have proper oriented cycles.
Proposition 5.7. Let Λ = kQ/J2, and let ≤ be a linear order on Q0 := [1, n]
such that (Λ,≤) is a standardly stratified k-algebra and ≤ is a refinement of
≤Q . Then, the possible loops in Q appear only in quasi-sources and [∆(i) :
S(j)] = (1 + loop(i))δij for any i, j ∈ Q0. Moreover, for any i ∈ [1, n], we
have 1 + loop(i) = dimk EndΛ(P (i)) = dimk EndΛ(∆(i)).
Proof. Let v be a vertex in Q0. In order to prove the result, we consider
the following two cases.
Case 1: Let loop(v) ≥ 1. We show, firstly, that v is a quasi-source. Indeed,
suppose that v is not a quasi-source. Then, there is an arrow w → v in Q1 with
w 6= v, and thus w < v since ≤ is a refinement of ≤Q . Therefore, by Lemma
5.1 and Lemma 5.2, we get that pd ∆(v) = ∞ contradicting [2, Proposition
1.8(i)].
Let t := loop(v). Then we have only t loops α1, α2, · · · , αt at the point v,
and possibly there are r arrows v → vi in Q1 with v 6= vi. In particular, we
get that v < vi for any i ∈ [1, r]. Note that rad2 Λ = 0, and hence radP (v) =
S(v)t
⊕⊕r
i=1 S(vr). Therefore [∆(v) : S(j)] = (1 + t)δvj since v < vi for any
i ∈ [1, r]. Finally, by Corollary 4.3 (b) and the fact that EndΛ(P (v)) ' evΛev,
it follows
dimk EndΛ(∆(v)) = [∆(v) : S(v)] = t+ 1 = dimk EndΛ(P (v)).
Case 2: Let loop(v) = 0. Since there are not loops at v, we have EndΛ(P (v)) '
evΛev ' k. We assert that ∆(v) = S(v). If v is not a source, then there is an
arrow w → v with v 6= w, and by Lemma 5.2, we get that ∆(v) = S(v).
Assume now that v is a source. Let v → vi, for i ∈ [1, r], be all possible
arrows starting at the vertex v. Since there are not loops at v, we have that
v < vi for any i. Therefore radP (v) =
⊕r
i=1 S(vi) and hence ∆(v) = S(v).
2
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Proposition 5.8. Let Λ = kQ/J2 be such that Q does not have proper ori-
ented cycles and the possible loops in Q appear only in quasi-sources. Then,
for any linear order ≤ on Q0 which is a refinement of ≤Q, the pair (Λ,≤) is
a standardly stratified k-algebra.
Proof. Note that, by Remark 5.6, the pair (≤Q, Q0) is a partially ordered
set. Let ≤ be a linear order on Q0 which is a refinement of ≤Q . For any
v ∈ Q0, we assert that
(∗) loop(v) = 0 ⇒ ∆(v) = S(v) and P (v) ∈ F(∆).
Indeed, let v ∈ Q0 be such that loop(v) = 0. Denote by C(v) the subquiver of
Q given by all the oriented paths starting at the vertex v. Since the possible
loops in Q appear only in quasi-sources, it follows that loop(x) = 0, for any
vertex x in C(v).
Consider the set C(1)(v) formed by all the sink vertices in C(v). Note
that ∆(k) = S(k) = P (k) for any k ∈ C(1)(v). Inductively, we define the
set C(i+1)(v) formed by all the vertices in C(v) whose immediate succes-
sor belongs to
⋃i
j=1 C
(j)(v). Using that ∆(k) = S(k) for any vertex k in⋃i
j=1 C
(j)(v), it can be shown that ∆(l) = S(l) and P (l) ∈ F(∆) for any ver-
tex l ∈ C(i+1)(v). Since the set C(v) is finite, there is some natural number
m such that v ∈ C(m)(v) and thus the assertion in (∗) follows.
Let w ∈ Q0 be such that t := loop(w) ≥ 1. There are r possible arrows
w → wi with w 6= wi for any i ∈ [1, r]. Since the possible loops in Q appear
only in quasi-sources, it follows that loop(wi) = 0 for any i. Then, by (∗), we
have that ∆(wi) = S(wi) for any i. Note that P (w) has a ∆-filtration, since
∆(w) = P (w)/U(w) and U(w) =
⊕r
i=1 ∆(vi). 2
Theorem 5.9. For Λ = kQ/J2, the following statements are equivalent.
(a) (Λ,≤) is a standardly stratified k-algebra for some linear refinement
≤ of ≤Q .
(b) Q does not have proper oriented cycles and the possible loops in Q
appear only in quasi-sources.
(c) (Λ,≤) is a standardly stratified k-algebra for any linear refinement ≤
of ≤Q .
Moreover, if one of the above equivalent conditions holds true, then the ∆-
Cartan matrix C∆ is diagonal. Moreover, for any i ∈ Q0
di := [C∆]ii = 1 + loop(i) = dimk EndΛ(P (i)) = dimk EndΛ(∆(i)),
and thus GΛ '
⊕n
i=1 Z/diZ.
Proof. (a)⇒ (b) By Proposition 5.3 and Remark 5.6 , we have that Q does
not have proper oriented cycles. Moreover, from Proposition 5.7 we obtain
that the possible loops in Q appear only in quasi-sources.
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(b) ⇒ (c) This is Proposition 5.8. Finally, the implication (c) ⇒ (a) is
trivial.
Assume now that one of the above conditions hold true. Then, by Propo-
sition 5.7, we get that the ∆-Cartan matrix C∆ is diagonal. Moreover,
di := [C∆] = 1 + loop(i) = dimk EndΛ(P (i)) = dimk EndΛ(∆(i)), for any ver-
tex i ∈ Q0. Then, by Corollary 4.3 (a), we conclude that GΛ '
⊕n
i=1 Z/diZ.
2
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